We study the existence and properties of vortex solitons supported by an interface between two distinct optical lattices imprinted in nonlinear quadratic media. We analyze the impact of guiding parameters of lattices and phase mismatching conditions on the existence and stability of two-color interface vortex solitons. The salient point is that interface vortex solitons feature highly asymmetric profiles, and are stable throughout almost the entire existence domain.
I. INTRODUCTION
Vortex solitons are localized structures with screw phase dislocations in nonlinear media which play a crucial role in many branches of nonlinear sciences [1] . It is well-known that vortex solitons in homogeneous cubic or quadratic nonlinear media suffer azimuthal instabilities [2] . They can be made stable in media with competing nonlinearities [3, 4] and nonlocal nonlinear responses [5, 6] . In particular, one notes that media with refractive index modulations, such as optical lattices, can stabilize vortex solitons [7] [8] [9] [10] . Recently, it has been shown theoretically [11] [12] [13] and demonstrated experimentally [14] [15] [16] that truncated optical waveguides support a class of nonlinear modes, namely discrete surface solitons [10] . Note that surface solitons can form at the interface between two dissimilar periodic media [17] [18] [19] .
Normally, surface solitons have been considered in cubic or saturable nonlinear media. However, it has been reported that quadratic nonlinear lattices can support lattice solitons as well [20] [21] [22] . Moreover, it has been shown that surface solitons can be formed in nonlinear quadratic media [23] [24] [25] . Very recently, we have shown that quadratic nonlinear lattices also support multipole-mode interface solitons with outof-phase between neighboring lobes [26] . The interesting issue of the existence of surface states with phase singularity has yet to be addressed in waveguides with quadratic nonlinearity.
In this article, we consider vortex solitons supported by an interface between two distinct optical lattices imprinted in nonlinear quadratic media. We analyze the impact of the lattice guiding parameters on the existence and stability of interface vortex solitons in different phase mismatching conditions, and show that interface vortex solitons are stable throughout almost the entire domain of their existence.
The article is organized as follows. In Sec. II we introduce the system governing the parametric interaction of light beams in photonic lattices and the numerical methods applied for our study. Section III is devoted to the analysis of two-color interface vortex solitons in nonlinear quadratic nonlinear lattices. Sec. IV concludes the article. * xzy124@physics.anu.edu.au
II. MODEL
We consider the propagation of light at the interface between two distinct optical lattices imprinted in quadratic nonlinear media, which involves the interaction between fundamental frequency (FF) and second-harmonic (SH) waves. Light propagation is described by the following coupled nonlinear equations [21] :
where q 1 and q 2 represent the normalized complex amplitudes of the FF and SH fields, 
We solved the system of coupled equations (2) numerically by using the standard relaxation method. In order to find the vortex solitons, we use as initial conditions four Gaussian beams that are in coincidence with the local maxima of the lattices and apply the boundary conditions u 1,2 | r→∞ = 0 and v 1,2 | r→∞ = 0, where r = x 2 + y 2 . Families of interface vortex solitons are determined by the propagation constant b 1 , the lattice depths p and s, and the phase mismatch β. For simplicity, we set the space modulation K = 2 and vary other parameters. To investigate the stability of twocolor interface vortex solitons, we have applied the beam propagation method to perform comprehensive numerical simulations of the evolution governed by Eq. (1) with the input conditions q 1 y) ], where u 1,2 (x, y) and v 1,2 (x, y) are the exact solutions of vortex solitons in Eq. (1), and ρ 1,2 are random functions with Gaussian distribution and variance σ 2 noise = 0.01. We have propagated the perturbed interface vortex solitons over hundreds of units for a broad range of system parameters.
III. TWO-COLOR INTERFACE VORTEX SOLITONS
The simplest vortex soliton with unit topological charge at the interface of quadratic nonlinear lattices is shown in Fig. 1 . It comprises four main lobes arranged in a square configuration across the interface of the lattices, and it has a stair-like phase structure, whose singularity is located close to the point x = y = 0 along the interface of the lattice [ Fig. 1(b) ], and the solution is involved with two frequenciesthe fundamental frequency and second-harmonic waves-thus we call it a two-color interface vortex soliton. The intensity maxima of vortex solitons coincide with the positions of the maxima of the lattices, and the singularity of vortex solitons is centered between four lattice sites, so the solitons belong to the class of "off-site" vortex solitons. We found that the model Eq. (1) also supports a family of "on-site" vortex solitons (as shown in Fig. 4) , in which the phase singularity is centered on a lattice site [21] . First, we will mainly focus our study on the case of off-site vortex solitons supported by lattice interfaces and will briefly discuss the properties of on-site vortex solitons at the end. Below, the term two-color interface vortex soliton means off-site vortex soliton unless otherwise specified. It should be pointed out that we did not find vortex solitons with higher order topological charges (two or more), thus in this work we will restrict our study to the properties of the simplest vortex solitons with unit topological charge.
As shown in Fig. 1 , the salient point is that the profiles of two-color interface vortex solitons are highly asymmetric and non-canonical, which are normally the feature of solitons supported at the interface of heterophotonic waveguides [25] . Figure 2(b) shows the power distribution to measure the degree of asymmetry for the profiles of interface vortex solitons, which is defined by the ratio E 1 = U 1,r /U 1,l for FF fields and E 2 = U 2,r /U 2,l for SH fields, where U 1,2,l represent power located at x < 0, whereas U 1,2,r represent power located at x > 0. The ratio E 1 has the tendency to the zero near the lower cutoff of the propagation constant, which means the profiles of interface vortex solitons become more asymmetric for a given lattice depth. It is also interesting to note that the profile of SH field is more localized in comparison with the profile of FF field [compare the profiles of the FF and SH fields as shown in Fig. 1(c, d) ].
As shown in Fig. 2(a) , the total power of interface vortex solitons is a monotonic function of the propagation constant. It is found that for the fixed lattice depths p and s, there exists lower and upper cutoff values of the propagation constant for the formation of two-color interface vortex solitons. The existence domain of two-color vortex solitons reaches their maxima at s = 1, presenting the vortex solitons in perfect lattices whose properties have been investigated in detail [21] . It is important to note that the width of the existence domain of interface vortex solitons shrinks quickly with decreasing relative lattice depth s, thus the two-color interface vortex solitons cease to exist below a critical value of the relative lattice depth [ Fig. 2(c) ]. This happens due to the fact that the formation of interface vortex solitons requires the exact balance between the flows of energies through the interface in both directions. Such a balance is no longer satisfied when the difference in the refractive index between two distinct lattices becomes large. We also find that the phase mismatch resulting from the parametric interaction between two fields alters the minimum powers for the formation of interface vortex solitons, and thus the corresponding domain of their existence [ Fig. 2(d)] .
One of the important results of this work is that highly asymmetric vortex solitons can be made completely stable at the interface of quadratic nonlinear lattices. Our simulations show that there exists a very narrow region near the lower cutoff of the propagation constant where the interface solitons are unstable. Figures 3(a)-3(c) show the typical decay of an unstable vortex soliton into a fundamental soliton by emitting the majority of its power during propagation. However, in most of their existence domain, asymmetric interface vortex As mentioned above, in addition to the off-site vortex solitons, we also find the family of on-site vortex solitons can be formed along the interface of the quadratic lattices. Some illustrative examples are shown in Fig. 4 (note that for convenience in search of such solutions, the lattice is shifted by π/2K in the vertical direction of the transverse coordinates). Overall, the properties of on-site vortex solitons are similar to their off-site counterparts. As shown in Figs. 4(c) and 4(d), the shape of on-site vortex solitons are also highly asymmetric, and note that three lobes of vortex soliton are located on one side of the lattice. Our results show that on-site vortex solitons also have lower and upper cutoffs for the propagation constant. However, for the same parameters, both the lower and upper cutoff values for on-site vortex solitons are much lower than their counterparts for off-site vortex solitons. For example, for the lattice depth p = 3.5 and s = 0.6, and in phase matching β = 0, the lower and upper cutoff values for off-site vortex solitons are 3.165 and 7.245, respectively, whereas for on-site vortex solitons, the lower and upper cutoff values of the propagation constant are down to 1.495 and 6.475, respectively. There also exists a narrow instability region near the lower cutoff value of the propagation constant, whereas on-site vortex solitons are completely stable in the existence domain close to the upper cutoff of the propagation constant.
IV. CONCLUSIONS
We have shown that vortex solitons can be formed at an interface between two distinct lattices in nonlinear quadratic media. It is shown that the formation of such asymmetric vortex solitons requires a critical value for the lattice depth, below which two-color interface vortex solitons cease to exist. Our results reveal that highly asymmetric interface vortex solitons are stable in a broad region of system parameters.
